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ABSTRACT 

General considerations are developed concerning equiva- 

lent circuit representations of obstacles and discontinuities 

of a general type in waveguides ntilch support free propagation 

of several modes.  It is shown that the scattering matrix is 

symmetrical in the general case including dissipative types 

of discontinuities in structures such as slots in the wall. 

This means that the network representation is valid In 

multlmode waveguide. 

Special application is made to the case of a half-wave 

roctangular slot in the wall of a rectangular waveguide pro- 

pagating the TE,0 and TE2Q modes.  The symmetry of the 

scattering coefficients is in good agreement with that pre- 

dicted theoretically on the assumption that the distribution 

of the excitation (though not the level) is determined by 

the slot and not by the exciting mode.  This assumption is 

substantiated also by observed radiation patterns. 
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IMTRODUCTIOH 

A considerable amount of work has been done establishing 

the representation of an obstacle by an equivalent circuit and 

the transmission line analogy of a waveguide propagating one 

mode, Hultimode waveguides are becoming of importance in prac- 

tical applications and there is a need, therefore, for an exten- 

sion of equivalent circuit analysis to the multimode system. 

This paper is a report on the initial phases of studies which we 

are making in this field.  The basis for equivalent circuit repre- 

sentation is established and application is made to the problem 

of a slot. Measurements techniques and the fundamental considera- 

tions which must be applied to the correct interpretation of the, 

data are reviewed. 

If we are to look upon the waveguide as a set of transmission 

lines, we must be able to represent the discontinuity by an imped- 

ance matrix (Z), where (Z) relates the equivalent voltage and 

current matrices through Ohm's law (V)=(Z)(I). Since the system 

is bilateral, linear, and isotropic, the matrix (2) will be sym- 

metrical in the sense that Z^-Z^^,    If (S) is ascattering matrix 

such that (B) = (3)(A) where (A) and (B) are the column matrices 

of the incident and reflected waves respectively, then the im- 

pedance matrix is given by* ' 

(Z)  = [(I)-(S)]"* [(I) • (S)] (1) 

It la readily shown that if Sj^ = 3]^, *ik = *ki» ^d conversely. 

We see now that it is sufficient to investigate the symmetry 
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properties of the scattering matrix, (3). 

WAVEGUIDE MODES 

Consider a waveguide'with an obstacle lndt.In the region 

far from the obstacle the fields will be (2) for TE modes 

H = e-Tz ( —£,Vu • u  iz) 

B - ^  (H x ix) 

and for TM modes 

H «-**-(« x 1.) 

• v 1«) 

..+ where  7     -    J*„ =  («".. - *') 

and u » u(x,y) and v = v(x,y) 

(2) 

(3) 

(k) 

The pwwer flow P we equate to;unity 

P = 1/2   /a.Ra(B x H)-  5 do- = 1 

and if we normalize the eigen function u and v so  that 

l9 fan) dor  = 1 and   Ja   £v)    da = 1 then 

for all modes we get the normalisation factors 

•J£w for • =T(x,y) 

(5) 

(6) 

(7) 

Let us denote now waves propagating to the right and left * th 

a (-) and (+) Index respectively 

to right 

Ei =*^i(x y)e-rr = ei 

Et  = ^(x y)e   = b^ 

to left 

Bj* * + l(x  y) e+r» = ej 

H+ =^(xy) •*'*.hj 
(8) 
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Every field in the waveguide will then be a linear combina- 

tion of the eigen vectors, e^ and hj, that represent modes. 

Suppose now we designate by s£j *\   the amplitude of the kth 

mode in region 2 due to the ith mode of amplitude a ^ striking 

the obstacle in region 1. Then if a wave of mode i will strike 

the obstacle in botn regions (1; ard (2) with amplitudes a ^ 

and a^ respectively, the fields due to it will be 
QO CD 

Bi - a4 X * I Kl\ < + 1 Kl \K for *0 
k-l k-1      BX       *       " 

V = \'<  * ^iV0*'   *  £,<!   »/< ^r a>0 (9) 

and similar expressions for H except that hj stands for e^» 

In general if we have several modes incident we add all 

these fields together.  Since we can also write 

OS 

0D 

B  = Y.    ai el * bi el   z > 0 (10) 

We getjupon writing out the expressions explicitly, 

1        T—    _1»1       _»» 
bk = £ 

3kiai • s a. kl »i 

11   i  _t *  » 
bk " F  Sl«iai * Ski ai (11) 

Upon changing order of numeration,so that index 2 on top 

starts after N on bottom,where H is number of propagating modes. 

we get (B) = (3)(A)  where (S) is the scattering matrix defined 

before. We investigate now the properties of the elements S^ 

of this matrix. 
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SCATTERING MATRIX OP A DISCONTINUITY 

/ OBSTACLE 

I      REGION I \ x  / REGION 2 ( 

L W !   i i 
] 

• 

Z=Z'        FIG. I Z=Z* 
To Investigate the properties of S^ we consider a region 

that Includes the obstacle and Is bounded by the Inner walls, 

and two cross sections at z=Zj.< 0 and z=z,t>  0.  Since we consider 

a source free region the divergence of the field vectors Is zero, 

and to two fields E^, E^m\ and E(n\ H^ of the same fre- 

quency, that satisfy Maxwell's equations, we can apply the Lorentz 

cheorem? 

^O^xE^-B^xE*0 )'xid^0 (12) 

In this region we apply the theorem to two fields due to 

particular modes set up In particular ways to give the desired 

relationships between the elements of the scattering matrix (S). 

If we consider first the field due to mode 'm1 of unit 

amplitude Incident from left and mode 'n' of unit amplitude Inci- 

dent from right, and express these fields by expressions similar 

to (9),then substituting In (12), making use of the normalization 

and orthogonality of the elgen vectors ev and h^we get       

2(t& - *m)   • / (* (BJ* ^n) - B<n) x B(n) )-nda-0 ,  t 
a wall* U2 ) 

We consider now three general cases. 

Case a -Lossless obstacles (perfectly conducting) In a closed 

waveguide.  In this case the boundary conditions on E^m'  H**' 

and E<n> H<n) 
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I 
h x E = 0 

n . H = 0 (lij.) 

tell us Immediately that the Integral in (13) vanishes. 

Case b -Lossy obstacles (dielectrics,etc.) in a closed wave- 

guide.  In this case we change our volume and surface of 

integration.  The Integrals over the perfectly conducting part 

of the wall vanish as in case a, and we are left with an integral 

over the  outer surface of the obstacle,  ffe apply the same theorem 

tc the volume of the obstacle.  The 

surface of integration is now the inner 

walls of the obstacle. We haw» then 

= 0 

F.G.2 

inner surface 
in)     - E(n) x &   ) • Bdr-JF.H dr - 0 

(15) 

and the integral over the inner surface vanishes,  low, since In 

expression (15) only the tangential components of E and H con- 

tribute, and by the boundary conditions we know that the 

tangential components go over continuously across the boundary, 

we have 

F Inside  = P outside (16) 

and therefore in this case, too, we are left with 

f " f = ° 
(17) 

Case c -Radiating obstacles-slots In waveguide wall.  In this 

case, applying the theorem, we will be left with an Integral 

over the inner boundary.of the slot. 

/ 9. rr 
Blot 

n do- (18) 
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We use now a similar technique to  the one used in case b, 

We apply the Lorentz theorem to  the outside region. 

SPHERE R 

WAVEGUIDE 

FIG. 3 

We have now 

/    P  «n dfcr •   /       F» ndr •   J     F« ndV = 0 
sphere R slot    out over G 

C19) 

As in case a, over 0 the integral goes to zero due to condi- 

tions (li|)» We consider now the case where the radius of the 

sphere R goes to infinity. 

lin    -  - 
I  * » *• = R -. / H • P d R (2Q) 

and as P is a combination of the radiation fields due to the 

respective modes, it will satisfy the Sommerfeld radiation 

conditions. We get then 

• f P • n d<r = 0  
 irsw      —"—" 
and consequently 

.lo/     W H da.  = 0 (21) 

By the same argument about the continuity of the  tangen- 

tial component as  in case b,  we see that 

•lit   Pin'   » *• =   «ltt pc out n dtr   = 0 
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and in this way we conclude the symmetry of the respective ele- 

ments of(3)  for any general obstacle. 

Applying the same argument to the field due to mode m and n 

both incident from either left or right we get the required re- 

lation for all the necessary elements. 

This establishes the validity of representing a multimode 

waveguide with discontinuities as a system of transmission 

lines with certain coupling networks between the lines.  The 

general theory thus becomes one of multipole networks made up 

of distributed constant elements. 

One of the class of obstacles of Importance in multimode 

waveguides are slots cut in the walls of the guides.  In multi- 

mode guide the slot can be characterized by a scattering matrix 

whose coefficients can be determined experimentally. Slot 

arrays can be analysed by combining either the scattering ma- 

trices or the impedance matrices of the individual elements. 

In the analysis to follow we will confine ourselves to the half- 

wave narrow slot. On the assumption that the slot excitation 

does not change in shape with the exciting mode, it is possible 

to calculate the reflection and transmission coefficients of 

the slot.  This assumption Is Justified by the fact that the 

radiation patterns are sensibly independent of the exciting 

mode. Fig. lj. shows a sample of the patterns which were all of 

identical shape, only changing In envelope amplitude due to the 

different slot couplings. 

For a given excitation E0coa ks In the slot, the amplitude 

of the TEQJQ mode generated by the longitudinal slot cut in the 

broad face of the guide is 
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270 — 90 

POWER MEASUREMENTS  MADE OF 

TE20 SIGNAL, VERTICAL 

POLARIZATION,   H-PLANE 

FIG. 4.   HORIZONTAL RADIATION   PATTERN 

FOR      0630"* 0.015" SLOT 



*mo 
_V2  (OR, 

\*m< 

\\^0   IfflQ. cos-S5* cos (23) 

,th 

where 

A^ = voltage amplitude of the no1*11 mode 

«  = width of slot 

E0 = peak field Intensity in alot 

k = _ 2x k^ * = n *-£, b = height of guide, a = width of guide 
a 

V = rms voltage across guide 

z = distance across broad face of guide measured from edge 

X, X_ 0 = free space and guide wavelengths 

•feo 

Hence  the ratio of the coefficients  for  the  TE^Q and TEUQ modes, 

corresponding to a given EQ generated by the incident wave  is» 

A, o 
_   /,       x 4-             P»*           2xx 1 /V« \      cos "T" coa    a~~ 

At 0 2\V.o/      cos-^ cos-S 
(2fc) 

As noted above the slot voltage is eliminated in this expres- 

sion. The equation becomes indeterminate for positions l/lj., l/2, 

and 3/I4. of the guide width. At these points one or the other of 

the modes does not couple to the slot and hence there are no 

scattered waves for the particular mode.  Due to 

*The normalisation differs from that In reference3. We normal- 
ise each mode so that unity power flows down for each mode. 
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the physical symmetry of the slot, the reflection and trans- 

mission amplitudes will be equal for the same mode. 

Pig. 5 and Fig. 6 show that while the amplitudes are not 

the same for the different mode excitations the ratio of AOQ 

to JUQ remains constant.  Experiment shows this ratio to be 

approximately 9 db. while (2ij.) gives 10.6 db. 

The conclusions derived theoretically have been checked 

experimentally using half-wave narrow slots cut in the wall of 

rectangular waveguide propagating TE^Q and TI^Q modes. 

The measurement techniques used are applicable to any 

obstacle problems in multimode guide.  The apparatus, described 

in detail previously^"', consists of two-mode transducers, two- 

mode standing wave detector, and a null detector system made up of 

a  phase shifter, precision attenuator, and magic tee.  The two- 

mode transducer makes it possible to mix and separate each of 

the modes in the two mode guide; the two-mode standing wave 

detector directly measures; the VSWR of each mode in the presence 

of the other. Referring to Fig. 7 ve 96e that if we send down 

TE10 
ln tile standard guide^ TE20 will be propagated in the two- 

mode guide. For the slot in a general position both TB^Q and 

T&,Q modes will be transmitted and reflected by it.  These 

scattered waves will all be absorbed by matched loads.  The 

TE20 reflected toward the incident signal is measured by a 

standing wave detector in the single mode guide through the 

matched two-mode exciter.  It is of course possible to Insert 

the two-mode standing wave detector and obtain the same re- 

sult.  The TE^Q wave can also be measured, giving, however, 

-9" 
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only Its amplitude because all modes are terminated in matched 

loads.  The other scattered components are measured by com- 

paring each one of them with a reference signal coming from 

the directional coupler. 

Similarly the system can be connected for TE^Q incident 

on the slot. 

We can show that the elements of the scattering matrix seen 

in the arms of a matched transducer are the same as those we 

would see in the multimode      iQ •.   [~| 

guide. (q()  g 

Let us consider the V•1 

arm of the transducer- as an 

obstacle with a scattering 

matrix gT„ This is shown 

schematically in the diagram. 

(g* 

(S)ig*)ia) 

.      NTOAMCm 

(S) 

TRANSDUCER   ARMS 

{%]      Q 
FIG. 8 

A wave of amplitude  (a) in arm v will not be reflected due to 

matching, and in the multimode region will be (a)(gT). At the 

obstacle it undergoes reflection, and a wave (a)(g )(S) will 

strike arm^i •  Due to matching again there is no reflection, and 

in arm M we see a wave of amplitude 

b' = fa)(g, )(S)(gu ) 

So the effective scattering matrix as seen is 

S'~= (g,)(S)(g^) 

For the matched cese the matrices g^ will satisfy the conditions 

(&)(&•) = ° *h«re v t -n 

and (ft, )(g^ ) = I where J i8 the unit matrix. 

In our experimental set-up we have only two modes, so, 
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due to matching we have 

0 0 
and g2 =\ 0 0 

\0 1 

and for example In arm two we will see the following: 

0 10 
0 0 0 0 

s» = <a, }'s)(g2Mi ooo 
\0  0  0  0 

.go I21 

12 

0 0 0 0 
0 0  0 1 
0 0  0 0 
0 10 0 

s12 0 
12 

0       0 

S1* 
1? 

This ahows that the scattering coefficients are not 

altered when measured in the single mode guide, provided, of 

course, that the transducers do not cross-couple modes, and are 

matched. 
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